A graph G is strongly set colorable if V (G) ∪ E(G) can be assigned distinct nonempty subsets of a set of order n, where |V (G)| + |E(G)| = 2 n − 1, such that each edge is assigned the symmetric difference of its end vertices. The principal result is that the path P 2 n−1 is strongly set colorable for n ≥ 5, disproving a conjecture of S.M. Hegde. We also prove another conjecture of Hegde on a related type of set coloring of complete bipartite graphs.
Introduction
In a recent article by Hedge [1] , he considered coloring certain graphs G, where |V (G)| + |E(G)| = 2 n − 1 for some integer n, by nonempty subsets of an n-element set. One primary assignment considered was to assign distinct subsets to the vertices and edges such that each edge is assigned the symmetric difference of its end vertices. Since |V (G)| + |E(G)| = 2 n − 1 this means all nonempty subsets are used in the assignment. When such an assignment exists it is called a strong set coloring of the graph. This assignment is similar to ones frequently studied in coding theory.
One interesting conjecture made in this article was that paths of order 2 n−1 where n > 2 are not strongly set colorable. The primary purpose of this article is to disprove this conjecture for n ≥ 5. We prove the following theorem.
Theorem 1
The paths P 4 and P 8 are not strongly set colorable while all other paths of the form P 2 n−1 are strongly set colorable.
An equivalent formulation for a graph to be strongly set colorable and one used throughout this article is the following one. Let G be a connected graph such that |V (G)| + |E(G)| = 2 n − 1 for some n. We say that G is strongly set colorable if there is a bijection f from V (G) ∪ E(G) to the set of nonzero vectors in F n 2 , where F 2 is the field with two elements, such that for every edge xy ∈ E(G), f (xy)+f (x)+f (y) = 0. We regard vectors in F n 2 as 0-1 sequences of length n, addition in F n 2 corresponding to componentwise addition modulo 2. The vector v then corresponds to the subset S v ⊆ {1, 2, . . . , n}, where S v consists of all i such that the ith coordinate of v is 1. In this language the Hedge conjecture says there is no permutation v 1 , v 2 , v 3 , . . . , v 2 n −1 of the n-dimensional nonzero vectors of F n 2 such that v i + v i+1 + v i+2 = 0 for i = 1, 3, 5, . . . , 2 n − 3. Here v i represents the set coloring of a vertex when i is odd and of an edge when i is even. These conditions will be referred to as sum conditions. When a permutation satisfying the sum conditions exists we will refer to it as representing vectors in a good permutation or more briefly as a good permutation.
In Section 3 we also briefly discuss some other trees which are strongly set colorable and give a related condition which is of interest in its own right. Finally, in Section 4, we consider a related concept of proper set colorings, and prove a result about proper set colorings of complete bipartite graphs.
Results on strong set colorings
Lemma 2 The paths P 4 and P 8 of orders 4 and 8 are not strongly set colorable.
Proof. First consider the path P 4 and suppose there is a good permutation of its representing vectors v 1 , . . . , v 7 . Since for all n > 1 the sum of all the non-zero vectors in F Proof of Claim. First we show that these 9 vectors are different from v 1 
Proof of Claim.
Let w 1 , w 2 , w 3 be the vectors in the block, and suppose that, say, v i 1 appears in the canonical form of w 1 and w 2 , i.e., w 1 
Then by the sum condition, v 13 = v 3 + v 4 = v 5 , a final contradiction, completing the proof of the theorem.
Lemma 3 The path P 2 n−1 of order 2 n−1 is strongly set colorable for n = 2 and n ≥ 5.
Proof. The result is clear for n = 2 so we assume n ≥ 5.
The proof is inductive applying the induction separately for n odd and for n even. The idea of the proof is to take four copies of a path P which has been strongly set colored and extend this fixed coloring to a path of order 4|P |. This involves three basic operations. First, each of the 0-1 vectors of the fixed path using n coordinates is increased to one using n + 2 coordinates by adding two new 0-1 coordinates such that the resulting vector is distinguished in each of the four copies of this path. Secondly, the four copies are laid end to end with the order of the second and fourth copies reversed from the first and third. Lastly, three new vectors each with zeros in the first n − 1 coordinates and differing only in at least one of the last two 0-1 coordinates are inserted between the first path and the second, the second and the third, and the third and the fourth. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
To avoid confusion, the n-dimensional zero vector will be denoted by 0 n . Figure 1 shows that there are good permutations for both n = 5 and n = 6. It is easy to verify the correctness of these examples. These examples will anchor the inductive proof that we give separately for n odd and for n even.
To finish the proof of the theorem, we prove for that if P 2 n−1 is strongly set colorable for n ≥ 5 then P 2 n+1 is strongly set colorable.
Thus assume that v 1 , v 2 , . . . , v 2 n −1 is a desired good permutation of the n-dimensional nonzero 0-1 vectors. Then it is a somewhat tedious, but straightforward to verify that the following sequence is a desired permutation of the (n + 2)-dimensional nonzero vectors satisfying the sum conditions. (The extension is 4-periodic in the blocks of 2 n − 1 vectors but requires certain interchanges of the first or last two vectors to fulfill the sum conditions). We provide the lengthy sequence to clarify the desired resulting good permutation. (Vectors written vertically, bold entries indicate entries that do not fit into the 4-periodic pattern.)
This completes the inductive step and the proof of the theorem.
The reader should note that the interchanges required in the constructed sequence in the proof just given makes this construction fail for n = 2, so that P 2 strongly set colorable does not imply P 8 is strongly set colorable.
The general strategy used in the proof of the last theorem can be applied beginning with a strongly set colorable bipartite graph in place of a path. The interchange idea is not needed in this case. , and E 2 with 01, the vectors in X 2 , Y 3 , and E 4 with 10, the vectors in X 4 , Y 2 , and E 3 with 11. If we color the edges e 1 , e 2 , e 3 according to the sum condition, then it is easy to verify that we obtain a desired vector coloring of G 0 , completing the proof.
Symmetric possibilities of those listed in the last theorem are clearly strongly set colorable as well. It is noted in [1] that graphs which are strongly set colorable cannot have it even degree vertices covered by two edges. However this condition is not sufficient for graphs to be strongly set colorable. For example, P 8 is not strongly set colorable but does not have its six even degree vertices covered by two edges. It seems to be difficult to even characterize which trees are strongly set colorable.
Strong set colorings of other trees
The binary tree has a particularly nice set coloring. To ensure that we have exactly 2
n−1 vertices, we add one additional leaf to the root of the tree. The coloring is then given at each and a ∈ {0, 1}. Since we have chosen fewer than half of all the p j and q j ,
